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Abstract
Lehmer’s conjecture asserts that τ (p) = 0 where τ is the Ramanujan τ -function. This is equivalent to
the assertion that τ (n) = 0 for any n. A related problem is to find the distribution of primes p for which
τ (p) ≡ 0 (mod p). These are open problems. We show that the variant of estimating the number of inte-
gers n for which n and τ (n) do not have a non-trivial common factor is more amenable to study. In particular,
we show that the number of such n  x is  x/ log log logx. We prove a similar result for more general
cusp forms. This may be seen as a modular analogue of an old result of Erdo˝s on the Euler φ function.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Consider the cusp form of Ramanujan
Δ(z) =
∞∑
n=1
τ(n)e2πinz.
The coefficients τ(n) have received extensive arithmetic scrutiny following the ground-breaking
investigations of Ramanujan [10] himself. Of the many problems that are open, there is a conjec-
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τ(p) = 0
where p is a prime. Equivalently,
τ(n) = 0
for any n 1.
More generally, let
f (z) =
∞∑
n=1
ane
2πinz
be the Fourier expansion of a normalized eigenform of weight  2 and suppose that the an are
rational integers for all n. What can be said about the vanishing of ap or an?
If the form f has complex multiplication (CM), then ap = 0 for a set of primes of den-
sity 1/2. This implies that an = 0 for a set of n of density 1. Indeed, to say that f has complex
multiplication means that there is an imaginary quadratic field K and a Hecke character ψ so
that
f (z) =
∑
a
ψ(a) exp
(
2πiN(a)z
)
.
Here, the sum is over ideals a of the ring of integers of K and N(a) denotes the norm of a.
Thus
an =
∑
N(a)=n
ψ(a).
In particular, ap = 0 if p does not split in K and an = 0 if p ‖ n (i.e. p | n but p2  n) for some
prime p for which ap = 0. It is well known that if we are given a set S of primes of positive
density, then the set of integers n with the property that p ‖ n for some p ∈ S has density one.
Now assume that f does not have CM. Following the conjectures of Lang and Trotter [6],
simple heuristics suggest that the answer to the question of how often ap vanishes depends on
the weight k of f . In particular, if k  4, these heuristics predict that ap should never vanish.
This is, thus, a generalization of Lehmer’s conjecture. On the other hand, if k = 2, it is known by
work of Elkies [1] that the equation ap = 0 can have infinitely many solutions.
A problem closely related to the vanishing of ap is to ask whether we can ever have
ap ≡ 0 (mod p). (1)
When such primes exist, are there infinitely many of them, and if so, how are they distributed?
Since we have the bound
|ap| 2p(k−1)/2,
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However, for k  3, it is a stronger condition.
In the case of the Ramanujan τ -function, it is known that
τ(p) ≡ 0 (mod p) (2)
holds for the primes p = 2,3,5,7,2411 (see Serre [17] for a discussion of this). It is not known
whether there are infinitely many such primes. Nor do we have good upper bounds on the number
of such primes. In particular, it is not known whether such primes are of density zero. In other
words, is it true that
#
{
p  x: ap ≡ 0 (mod p)
}= o(π(x))? (3)
Heuristics similar to those mentioned above would suggest that (2) should happen for a very thin
set of primes and that the number of such primes  x may grow like log logx.
The question analogous to the vanishing of an is to ask about the quantity (n, an), that is for
the greatest common divisor of n and an. By analogy with (3), we might ask whether
#
{
n x: (n, an) = 1
}= o(x)?
It turns out that this is not true and that the correct question to ask in this context is the opposite
assertion, namely whether it is true that
#
{
n x: (n, an) = 1
}= o(x). (4)
We view (4) as a variant of Lehmer’s conjecture.
It turns out that this variant is much more amenable to study. In particular, we show that
contrary to the prime case, almost always, an has a divisor > 1 in common with n. More precisely,
we prove the following result.
Let us set
L1 = L1(x) = logx
and for each i  2, define
Li = Li(x) = logLi−1(x).
In what follows, p and q will always denote primes.
Theorem 1.1. For a normalized eigenform f as above with rational integer Fourier coeffi-
cients an, we have
#
{
n x: (n, an) = 1
} x
L3(x)
.
The implied constant depends on the level of f .
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[4,11]. In [2], Erdo˝s showed that for the Euler φ-function, we have
#
{
n x:
(
n,φ(n)
)= 1}= (e−γ + o(1)) x
L3(x)
.
Our result may therefore be seen as a modular variant of this.
In the case that the modular form has complex multiplication (CM), we expect that a stronger
result should hold, but we do not pursue that further in this paper.
2. The Chebotarev density theorem
Following Serre [15,16], our main tools for studying the divisibility of Fourier coefficients
of modular forms are l-adic representations and the Chebotarev density theorem. (See also
[3,12,13].)
Let L/K be a Galois extension of number fields with group G. Let us set
nL = [L : Q], nK = [K : Q] and
n = [L : K] = nL/nK.
Also, let dL (respectively dK ) denote the absolute value of the discriminant of L/Q (respectively
K/Q) and denote by dL/K the relative discriminant defined by the equation
dL = dnKdL/K.
Let C denote a subset of G that is stable under conjugation. Thus, C is a union of conjugacy
classes. Denote by ‖C‖ the number of conjugacy classes contained in C. Denote by π(x,C) the
number of primes p  x with Frobp ∈ C. The effective Chebotarev density theorem (in the form
established by Lagarias and Odlyzko [5]) asserts that for
logx  nL(logdL)2,
we have
π(x,C) = |C||G| Lix −
|C|
|G| Lix
β + O
(
‖C‖x exp
{
−c
√
logx
nL
})
.
The term involving β is present only if the Dedekind zeta function ζL(s) of L has a real zero
(denoted β) in the interval
1 − 1
4 logdL
 σ  1.
By a result of Stark [18], we know that
β  1 − c1
d
1/nL
L
. (5)
If for a Galois extension L/K , we know Artin’s conjecture on the holomorhpy of Artin
L-functions, then this result can be improved. Indeed, let us set
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nK
logdK + 2
{ ∑
p|dL/K
logp + log(nL/nK)
}
.
Let d denote the maximum of the character degrees of Gal(L/K). In [3, Theorem 4.1], it is
proved that for
logx  d4nK logM
we have
π(x,C) = |C||G| Lix −
|C|
|G| Lix
β
+ O
(
|C| 12 nKx(logxM)2 exp
{ −c3 logx
d3/2
√
d3(logA)2 + nK logx
})
where A is the maximum of the Artin conductors.
3. Divisibility of Fourier coefficients
In this section, we use the Chebotarev density theorem to obtain the key divisibility properties
of Fourier coefficients of modular forms that will be used in the proofs of the main theorems.
Let f be as in the introduction: a normalized holomorphic Hecke eigenform of weight k  2
for Γ0(N). Let us write
f (z) =
∞∑
n=1
an exp(2πinz)
for the Fourier expansion at infinity. We shall assume that the an are rational integers. In the final
section, we shall make some remarks about the general case.
Associated to f , there is a family of Galois representations
ρ,f : Gal(Q/Q) → GL2(Z)
with the property that the representation is unramified outside primes dividing N . Moreover, for
primes p where the representation is unramified, the characteristic polynomial of Frobenius is
T 2 − apT + pk−1.
We shall only use the above representation after it has been reduced modulo :
ρ,f : Gal(Q/Q) → GL2(F).
The fixed field of the kernel of this representation determines a number field K = K,f which is
a Galois extension of Q with group the image of ρ,f . It is known that the center of this Galois
group contains the scalars F× and so factoring out this normal subgroup, we get an extension
L = L,f whose Galois group is a subgroup G of PGL2(F).
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on f ),
G =
{
g ∈ PGL2(F): detg ∈ D
}
where D is the image of (F× )(k−1) in F
×
 /(F
×
 )
2
. In particular,
|G| ∼ 3
where the implied constant depends on k. Here, and throughout, we write
x ∼ y
if there are positive constants α1, α2 such that
α1y  x  α2y.
If f is of CM-type, then it is known that G is a Cartan subgroup satisfying
|G| ∼ .
The condition
ap ≡ 0 (mod )
means that the image of Frobp has order 2 in PGL2(F). Let C denote the conjugacy subset of
G consisting of elements whose square is the identity. Then, we see that in the non-CM case,
we have
|C| ∼ 2
and in the CM-case, we have
|C| ∼ 1.
Now we apply the Chebotarev density theorem to deduce divisibility properties of the Fourier
coefficients of f . Let us set
π(x,p) = #{q  x: aq ≡ 0 (mod p)}.
Denote by N the level of f .
Lemma 3.1. Assume that f is not of CM-type. Then, for logx  p9(logpN)2, we have
π(x,p) = 1
p
Lix − 1
p
Lixβ + O
(
px exp
{
−c
√
logx
p3
})
.
The implied constant is absolute and effective.
The analogous result in the CM case is the following lemma.
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π(x,p) = 1
p
Lix + 1
p
Lixβ + O(x exp{−c√logx }).
The implied constant is absolute and effective.
This follows from the version of the effective Chebotarev density theorem stated at the end of
Section 2.
4. Lemmas in the non-CM case
Throughout this section, we shall be assuming that f is not of CM-type.
The result (5) of Stark quoted in Section 2 implies that in the non-CM case, if there is an
exceptional zero β , then it satisfies
β  1 − 1
pc
for some constant c > 0 depending on N . If β does not exist, we set c = 3. Let us also set
y = L2(x)δ where
0 < δ < min
(
1
9
,
1
2 + 2c
)
.
Lemma 4.1. Suppose that p < y. Then, we have
∑
aq≡0 (mod p)
qx
1
q
= 1
p
log logx + O
(
p1+2c
L2(x)
)
+ O(L3(x)).
Proof. By partial summation, the sum is
x∫
1
1
t
d
(
π(t,p)
)= π(x,p)
x
+
∫
π(t,p)
t2
dt.
For a γ > 0 to be chosen, we split the integral as
(logx)γ∫
1
+
x∫
(logx)γ
.
The first integral is

(logx)γ∫
π(t)
t2
dt  L3(x)1
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p9(logpN)2 < y9(logyN)2  L2(x) and
γL2(x) log t.
We choose γ so that Lemma 3.1 is applicable and we deduce that the second integral is
∫ 1
t2
(
1
p
Li t − 1
p
Li tβ + O
(
pt exp
{
−c
√
log t
p3
}))
dt.
The first term is clearly equal to
1
p
log logx + O(L3(x)).
Next, consider the term with the Siegel zero. As already noted above, we have
β  1 − 1
pc
.
Using this bound, we see that the term containing the exceptional zero is
 1
p
x∫
(logx)γ
1
t2−β log t
dt  1
p
x∫
(logx)γ
dt
t log t
exp
{
− log t
pc
}
.
This is
 1
p
exp
{
−L2(x)
pc
}
L2(x)  1.
Finally, we deal with the part of the integral coming from the O term. Using the elementary
estimate
exp
{
c
√
u
pc
}
 u
2
p2c
we deduce that the O-term is
 p
logx∫
L2(x)
exp
{
−c
√
u
pc
}
du
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 p
1+2c
L2(x)
.
The term π(x,p)/x is of smaller order. This proves the lemma. 
Let us define
ν(p,n) = #{qa‖n: aqa ≡ 0 (mod p)}.
Lemma 4.2. Assume that p < y. Then, we have
∑
nx
ν(p,n) = 1
p
xL2(x) + O
(
p1+2c x
L2(x)
)
+ O(xL3(x)).
Proof. Interchanging summation, we see that
∑
nx
ν(p,n) =
∑
qax
aqa≡0 (mod p)
∑
nx
qa‖n
1.
The contribution of terms qa with a  2 to this sum is clearly O(x). Hence, the above is
∑
qx
aq≡0 (mod p)
{
x
q
+ O(1)
}
+ O(x) = x
∑
qx
aq≡0 (mod p)
1
q
+ O(x).
Now using Lemma 4.1, this is
1
p
xL2(x) + O
(
xp1+2c
L2(x)
)
+ O(xL3(x)).
This proves the result. 
Lemma 4.3. Assume that p < y. Then
∑
nx
ν(p,n)2 = 1
p2
xL2(x)
2 + O
(
x
p
L2(x)L3(x)
)
.
Proof. The sum in question is equal to
∑
q
a1
1 x
a
q
a1 ≡0 (mod p)
∑
q
a2
2 x
a
q
a2 ≡0 (mod p)
∑
q
a1
1 ‖n,q
a2
2 ‖n
nx
1.1 2
V. Kumar Murty / Journal of Number Theory 123 (2007) 80–91 89The contribution of terms with a1 > 1 or a2 > 1 is
 x
∑
qx
aq≡0 (mod p)
1
q
 x
p
L2(x) + O
(
p1+2c x
L2(x)
)
+ O(xL3(x)).
The contribution of terms with a1 = a2 = 1 is
∑
q1x
aq1≡0 (mod p)
∑
q2x
aq2≡0 (mod p)
q1 =q2
x
q1q2
(
1 − 1
q1
)(
1 − 1
q2
)
+
∑
qx
aq≡0 (mod p)
(
x
q
(
1 − 1
q
)
+ O(1)
)
+ O
( ∑
q1
√
x
aq1≡0 (mod p)
∑
q2x/q1
aq2≡0 (mod p)
1
)
= S1 + S2 + S3.
Applying Lemma 4.1, it is easy to see that
S1 + S2 = x
( ∑
qx
aq≡0(mod p)
1
q
(
1 − 1
q
))2
+ O
(
x
p
L2(x)
)
+ O
(
p1+2c x
L2(x)
)
+ O(xL3(x))
and applying Lemma 4.1 again, this is equal to
x
p2
L2(x)
2 + O
(
x
p
L2(x)L3(x)
)
.
Now using Lemmas 3.1 and 4.1 and the fact that p < y and that for q1 
√
x, we have
log
x
q1
 logx  p9
we have
S3 
∑
q1
√
x
aq1≡0 (mod p)
{
x
q1p
+ O
(
p
x
q1
exp
(
−c logx
p3
))}
and this is
 1
p
xL2(x) + px
(logx)2
.
This proves the result. 
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∑
nx
(
ν(p,n) − 1
p
L2(x)
)2
 x
p
L2(x)L3(x) + O
(
xp2c
)
.
Proof. This follows from Lemmas 4.2 and 4.3. 
Lemma 4.5. Assume p < y, Then
#
{
n x: ν(p,n) = 0} pxL3(x)
L2(x)
+ p
2+2cx
L2(x)2
.
Proof. Lemma 4.4 implies that this is
 p
2
L2(x)2
x
p
L2(x)L3(x) + xp
2+2c
L2(x)2
and this is
 pxL3(x)
L2(x)
+ p2+2c x
L2(x)2
.
This proves the result. 
5. Proof of Theorem 1.1 in the non-CM case
The number of n x which have all prime divisors > y is
 x
∏
p<y
(
1 − 1
p
)
 x
L3(x)
. (6)
The remaining n x have a prime divisor p = p(n) < y. For each p < y, the number of n x
that are divisible by p, but not by any prime power qa with aqa ≡ 0 (mod p) is by Lemma 4.5
 pxL3(x)
L2(x)
+ p2+2c x
L2(x)2
.
Summing over p < y, the number of n x having a prime divisor p < y with p  an is
 x/L2(x)7/9.
In particular, the number of n x with a prime divisor < y and for which (n, an) = 1 is
 x
L2(x)7/9
. (7)
Now combining (6) and (7) proves the result.
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The argument proceeds as in Sections 4 and 5, except that we use Lemma 3.2 in place of
Lemma 3.1 to establish the results of Section 4. The details are omitted.
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